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Abstract 

The black-body radiation is considered in a theory with noncommutative 
electromagnetic fields; that is noncommutativity is introduced in field space, 
rather than in real space. A direct implication of the result on Cosmic Mi- 
crowave Background map is argued. 
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In the recent years much attention has been paid to the formulation and study 
of field theories on noncommutative spaces. The motivation refers to the natural 
appearance of noncommutative spaces in some areas of physics, the recent one in 
string theory. It has been understood that string theory is involved by some kinds 
of noncommutativities; for examples: (1) the coordinates of bound states of N D- 
branes are represented by N x N Hermitian matrices p], and (2) the longitudinal 
directions of D-branes in the presence of a B-field background appear to be noncom- 
mutative, as seen by the ends of open strings [2]. In the latter case, we encounter 
the spacetime in which the coordinates satisfy the canonical relation 

[x»,x v ] = iX^, (1) 

where is an antisymmetric constant tensor with dimension (length) 2 . It is un- 
derstood that field theories on noncommutative spacetime are defined by actions 
that are essentially the same as in the ordinary spacetime, with the exception that 
the products between fields are replaced by the ^-product, defined for two functions 
/ and g [3J 

if*9){x) = exp (—d Xll d yv )f{x)g{y) \ y=x (2) 
The pure gauge field sector of noncommutative U(l) theory is defined by the action 

^gauge-field = ~\ f % u * = ~ J d*X F^i> (3) 

with F^ = d^A v - d v An - ie[A^ A v \±, by definition {f,g)* = f * g - g * f. The 
action above is invariant under local gauge symmetry transformation 

A^U-kA^-kU^ + Ul-kd^U- 1 (4) 
in which U = U(x) is the *-phase, defined by a function x{ x ) y i a the ★-exponential: 

U(x) = exp^(zx) = 1 + ix ~ 7^X*X H , (5) 

with U^ 1 = exp^(-ix), and U * U^ 1 = U^ 1 -kU = 1. Under above transformation, 
the field strength transforms as F^ u — > F' = U * F^ v * U~ l . We mention that the 
transformations of gauge field as well as the field strength look like those of non- 
Abelian gauge theories. Besides we mention that the action contains terms which 
are responsible for interaction between the gauge particles. We see how the noncom- 
mutativity of coordinates induces properties on fields and their transformations, as 
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if they were belonged to a non-Abelian theory; the subject that how the characters 
of coordinates and fields may be related to each other is discussed in [3]. 

In a recent work the present authors addressed the radiation we expect from 
a black-body in noncommutative space [5], in the framework of finite temperature 
field theory [6]. As mentioned, noncommutative U(l) gauge theory is involved by 
self-interaction of photons, and so beyond the free theory one finds deviations from 
the expression by ordinary U(l) theory for black-body radiation. The result by first 
loop correction, for U (T, Q) as the energy-density receiving from the solid-angle dfl 
and for spatial noncommutativity (A * = 0) is [5]: 

U(n,T)Ml= [^T A - ^aT 4 (AT 2 )Wfl + 0((AT 2 ) 4 )]dft (6) 

2 2 2 i 

in which cr = ^ (Stefan's constant=|Q for h = c = k-Q = 1), a = |^ ~ ™, T is the 
temperature, and A is the length of the vector defined by A& = je^A* 3 '. The angle 
9 is measured from the vector A for which we have < 9 < n. 

In the present work we address the radiation we expect from a black-body in a 
theory that noncommutativity is introduced in field space, rather than space itself. 
This kind of noncommutativity has been considered in |7J. A U(l) gauge theory with 
noncommutative fields was introduced in [8], which is our starting point here. Some 
other aspects and implications of the model are studied in [9]. Noncommutative 
gauge fields are introduced by [8] = 1, 2, 3) 

[Mx),Mv)] = itij8 (3) (x-y), (7) 

together with [Ai(x), Fj(y)] = iSij 5^ (x — y), and [F^x), Fj(y)] = 0, in which Fj(x)'s 
are the conjugate momenta. We mention that, due to presence of S^{x — y) in 
right-hand side, ^-'s have the dimension of length. One may add an auxiliary field 
Aq, together with definitions Fi = F 0i , _f M „ = d^A u — d u A^ = 0,1,2,3), and 
Fij = fij. Then by these all, the closest action to the Maxwell's one can be written 
down as [8] 

S = j d 4 x(-i/^-^°7o,) (8) 



in which 



j 
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where 1 is 3 x 3 identity matrix, and the antisymmetric matrix L is defined by its 
elements V ■ = l^. We mention that the action is invariant under gauge transfor- 



mations — > — dA. 



By proper choice of coordinates, one always can bring L to the form 

/ £ N 



L = 



-£0 
\ 0, 



(10) 



for which we can show 



t+Ld t 



= 1 



£d t 



( 1 o\ 



i + £ 2 o 2 



fd 2 



1 + £ 2 d 2 



(\ o o\ 

1 
\0 0/ 



-10 
\ 0/ 

As mentioned the action possesses a gauge symmetry, and so we need to add gauge 
fixing term for doing calculations, getting 

,2 N 



Ak-x 



s + s g ,. = J d 4 x(-i/^-^°7o l -i(^) : 

By the Fourier expansion of gauge fields 

one can bring things in the momentum space, getting 

S + 5 g . f . = J d 4 k a„{k)D^a v {-k) 



(12) 



(13) 



(14) 



in which D^ u, s are elements of 



D 



D 



o\ 




k 2 j 



(15) 



where 



D = 



f-k 2 + A£ 2 k 2 (k 2 + k 2 ) -A£k 2 (£koh - ik 2 ) -A£k 2 (£k k 2 + 



-A£k' 2 (£k k 1 + ik 2 ) 



\ -A£k 2 {£k k 2 - ih) 



k 2 + A£ 2 k% 



-%A£kl 



iA£kl 



(16) 



k 2 + A£% J 



in which k 2 = k% — k • k, and A = ——^ . We mention that by setting I = we 

1 — i 2 Uq 

get the propagator for ordinary Maxwell theory in Feynman gauge. 

As we are dealing with the black-body radiation a natural framework is finite 
temperature field theory [6]. Here, following [10J we choose the real-time formula- 
tion; not doing the replacement t — > it. So k = 2imiT in which T is the temperature 
and n G Z. As fields appear quadratically in the action, our theory is a free one, 
and hence the partition-function Z, accounting the contribution of ghosts of gauge 
fixings, is simply given by: 

z ~ (n^ 2 ) x ( detD ) ~^ 

k,n 

in which the first part is for the contribution by ghosts. As det D = k 2 ■ det D: 



k,n 

u^y 1 x u{ i+ek ° A 



k,n k,n 



/lq (^k-^ ~\~ k>2 ^ k^ ~\~ k<2 2/C| 



(k 2 ) 2 k 2 
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The total free-energy is simply T = —TlogZ, and by the usual replacements 

EC d 3 k 
— > / - — — we arrive at (u 2 = k ■ k) 

k J \ n ) 

^ T) =/(0 T £'°s«-- 2 ) 



n 

1 f d k r-r- x -*> ■, / y>o,o»r ~~ \~ k<2 /cq 1 k-^ ~\~ k<2 n 



2 / (2^)3 ^ g V L (5fe2)2 P J J (19) 



n£2 



For doing the sum on n it is very convenient to use the contour integral formula in 
complex A; -plane, that gives for a function f(k ) pi)] 



1 r ioo+e j t, 



/CO 



+-L / dfc /(fcb) (20) 

in which e > is an infinitesimal, and (3 = T~ l . The contours in integrals above 
usually are closed in k > region and so counterclockwise [10]. We also recall that 
any quantity in finite temperature theory is defined after subtraction by its T = 
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counterpart, and so T-independent parts of expressions, infinite or finite, are not 
important [6j. For the first term in (1T91) one simply finds: 

r rj 3 £- ^ 7T 2 

j— 3 T^log(fcg -uj 2 ) -> - — T 4 + "oo independent of T" (21) 

which is the standard expression for the free-energy of a black-body [5J. For the 
remaining part of (1191) . assuming that the deviation from the standard expression is 
very slightly, that is assuming £ _1 is practically infinite for being taken by k , and 
so £k -C 1, we can perform an ^-expansion. So, by log(l + rj) ~ 77 for rj <C 1, we 
reach to 

.2 /72 /• ^3/„ r 1.2 1 1,2 U 2\ U 2 i 1.2 oj.2 

v 



•tyta _ _ 7r T-.4, ^ f d k rpX~^ ,2 [ ^0(^1 + fc 2 — fcp) k l + k 2 — 2k 
~ 45 + 2 7(2^)3 ^ 2^ fc o[ (F)2 - ^ 2 

+ "oo independent of T" + 0(£ 4 ). (22) 



Keeping the contribution of the pole ko = oo in the contour integral (1201) . one can 
do summation on n. With k = (u, 8, <p) in spherical coordinates, together with 
d 3 k = u 2 dud(cos 9)d<p = u 2 dujdQ, we find: 

nr^4x^- f^L^e f dl ^l_( 1 -^l) + oOT (23) 

v ' 45 4 J (2tt) 3 7 - 1 V e#" - 1/ v 7 v 7 



By using: 

,00 s 2m+l ds 



C(2m + 2)(2m+ 1)!, (24) 



1) 

00 2m+2 sj 

C(2m + 2)(2m + 2)!, (25) 



(e s - I) 2 
with C(t) as the Riemann zeta-function, we find: 

,3 



T(T) = -^T A -^£ 2 T 6 Jdncos 2 6 + 0(e 4 ) (26) 

As the total energy is given by U = T — TOtF-, for the energy receiving from the 
solid-angle dVt we find: 



U(T, Q) dfl 



^T^—fT* cos 2 9 
4tt 252 



dtt + 0(£ 4 T 4 ) (27) 



2 2 

in which cr = 15 (Stefan's constant=|g ). 



6 



Although it is hard to imagine that the implications of noncommutativity can be 
detected in a laboratory black-body radiation, one may look for an indication of non- 
commutativity in the signals we are getting from the extremely hot seconds of early 
universe. In fact, the energy scale that one expects for relevance of noncommutative 
effects is as much as high that suggests maybe it has been available for particles 
only in the early universe. So an excellent way to test the phenomenon related to 
noncommutativity would be the study of what are left for us as early universe's 
heir, the most important among them the Cosmic Microwave Background (CMB) 
radiation. The reason is, CMB map is just a tableau of events which happened at 
the first seconds of universe, at the decoupling era or much earlier, when the energies 
were sufficiently high to make relevant possible spacetime noncommutativity. There 
have been efforts to formulate and study the noncommutative versions of inflation 
theory [TT]. In [12] by taking the blowing sphere that eventually plays the role of 
the so-called last-scattering surface as a fuzzy sphere some kinds of explanation is 
presented for the relatively low angular power spectrum C\ in small I region (I ~ 6). 
In [13] the consequences of space-time uncertainty relations of the form At Ax > l 2 s 
are studied in the context of inflation theory, and possible applications of these re- 
lations in better understanding of present CMB data are discussed. As uncertainty 
relations usually point to noncommutative objects, these kinds of efforts also might 
be regarded as studies that are inspecting, though indirectly, the implications of 
noncommutativity on CMP map. 

As CMB map is in fact a black-body radiation pattern which is slightly perturbed 
by fluctuations, instead of dealing with the implications of noncommutativity on 
different cosmological models, we can directly address what one should expect to 
see in CMB map if in early universe the coordinates or fields have satisfied the 
algebra (OQ) or ([71), respectively. According to the expressions ([6]) and ( 1271) . space 
and field noncommutativity in early universe modify the pattern we expect to see 
in the CMB map sky. Also, in [8] the implication of noncommutative gauge fields 
on the pattern we expect to see in polarized CMB data is considered. 

Much effort is currently being devoted to examining the CMB temperature 
anisotropies measured with the Wilkinson Microwave Anisotropy Probe (WMAP) 
[HJ[T5]. It would be extremely important if the present and forthcoming data indi- 
cate any significant evidence for canonical noncommutativity in the early universe, 
the thing that one of its direct implications is given by an anisotropic radiation. 
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